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ABSTRACT

SupportVectorMachineg SVMs) have beenwidely adopted
for classificationregressionrandnovelty detection.Recent
studies[1, 2] proposedio employ themfor clusteranaly-
sistoo. Thebasisof this supportvectorclustering(SVC) is
densityestimatiorthroughSVM training. SVCis aboundary-
basedclusteringmethod,wherethe supportinformationis
usedto constructclusterboundaries.Despiteits ability to
dealwith outliers,to handlehigh dimensionatlataandarbi-
traryboundariesn dataspacetherearetwo problemsn the
procesof clusterlabelling. Thefirst problemis its low ef-
ficienoy whenthe numberof free supportvectorsincreases.
The otherproblemis thatit sometimegproducedalseney-
atives. In the presenpaper we proposea robustclusteras-
signmentmethodthatharestsclusteringresultsefficiently.
Our methodusesproximity graphsto modelthe proximity
structureof the data. We experimentallyanalyzeandillus-
tratethe performancef this new approach.

KEYWORDS: Clustering,SupportVector Machines,Prox-
imity Graph.

1. INTRODUCTION

Kernelmethodshave becomean increasinglypopulartool
for machindearningtaskssuchasclassificationyegression
and novelty detection[5, 10]. SupportVector Machines
(SVMs) [3, 4] have beensuccessfullyappliedto a number
of applications,and they exhibit good generalizatiorper
formanceanddesirablgoropertiessuchasinvarianceunder
symmetriesandrobustnesn thepresencef noise.In addi-
tion to their accuray, akey characteristiof SVMs is their
mathematicatractabilityandgeometricinterpretation.
While SVMs have beenwidely adoptedas supervised
learning methodswith labeleddata, they have also been
usedfor the explorationof unlabeleddata(cf., [1, 8, 9]).
Novelty detectionand clusteranalysisusing SVMs are ex-
amplesfor learningunlabeleddata. For mary real-world
problems,the taskis not to classifybut to detectnovel or
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abnormalinstances.Novelty detectionhaspotentialappli-
cationsin mary problemdomainssuchasconditionmoni-
toring andmedicaldiagnosis Recentstudieq 1, 2] adapted
SVMs for clusteranalysis.One possibleapproachof nov-
elty detectionis one-classclassificationwherethe aim is
to modelthe support information of adatadistribution. The
taskis to find ahypersphergith minimalradiusR andcen-
ter @ thatcontainsmostof thedatapoints.Novel testpoints
arethenidentifiedasthosethatlie outsidethe boundaryof
this hypersphere As a by-productof this algorithm, a set
of contoursthat enclosethe datapointsis obtained. These
contourscanbe interpretedas clusterboundariesand link-
agesbetweereachpair of dataitemscanbe estimatedThe
SVC clusteringalgorithm[1, 2] is ableto detectarbitrary
shapeclusterswith a hierarchicalstructurein high dimen-
sionaldata. It providesa way to dealwith outliersandby
usingkernelmethodsgxplicit calculationsn featurespace
arenotnecessaryDespitetheseadvantagesthealgorithm’s
maindrawbackis its hightime compleity.

Accordingto Ben-Huretal. [2], therearetwo mainsteps
in the SVC algorithm,namelySVM trainingandclusterla-
beling. The SVM training part is responsiblefor novelty
modeltraining. The clusterlabeling part checksthe con-
nectvity for eachpair of pointsbasedn cut-off criteriaob-
tainedfrom the trainedSVMs. Thetime compleity of the
clusterlabelingpartis O(n?m), wheren is the numberof
dataitems,andm < n is thenumberof samplingpointson
eachedgewhich is usually a constantbetween10 and 20.
With ourimplementatiorof the clusteringalgorithmof [2],
we found thatthe SVM training part takesmuchlesstime
thanthe clusterlabelingpart. Thereforethe time complex-
ity of SVM training partis notthe mainconcernof support
vectorclustering.But, the computatiorof the clusterlabel-
ing partis the critical issue. It hasextremely demanding
CPU-requirementfor large datasets. The heuristicintro-
ducedby Ben-Huret al. [1] lowersthelinkageestimations
in the clusterlabelingpart. This approachdoesnot check
the linkagesbetweerall pairsof dataitems,but only those
betweerpointsandsupportvectors.This improvedthe effi-
cieng of the clusterlabelingpart. Its time compleity was
loweredto O((n—npsy )n2,m), Whereny,, is thenumberof
boundedsupportvectorsandn,, is thenumberof freesup-



port vectors.However, if ng, is over0.05n for m = 20 or
0.10n for m = 10 (thesearecommoncases)thetime com-
plexity of clusterlabelingis O((n — npsy)n). Ontheother
hand,ourexperimentshaow thatsuchaheuristicfor linkage
estimationcansometimedail. Theobsenationis thatadja-
cenciesbetweerpointsareonly keptwithin neighborhoods
in the sameclusterin featurespace.lt is morelikely thata
pointwithin aclusterhaslinkagestoits neighborsput notto
theboundarypoints(supportvectors)of thecluster Check-
ing only adjacenciesvith supportvectorsmay generatea
numberof unlinked datapoints (we refer to theseasfalse
negatives) andmakestheclusteringresultslessmeaningful.

In the presentpaperwe proposean efficient clusteras-
signmentmethodto hanest clusters. Our approachcon-
structsappropriateproximity graphsto modela dataset. In
thesegraphs verticesrepresentiatapointsandedgescon-
nectpairsof pointsto modeltheir proximity andadjaceny.
After the SVM training processwe adaptthe obtainedcut-
off criteria (i.e., R) to estimatethe edgesof a proximity
graph.This methodavoidsredundanthecksin a complete
graphandalsoavoidsthelossof neighborhoodnformation
asit canoccurwhenonly estimatingadjacencieso sup-
portvectors.The experimentsdemonstratéhatour method
of clusterlabelingcandiscoser meaningfulandvalid clus-
tering results. The time compleity of our methodis only
O(mnlogn), wheren, is the size of datasetandm is the
numberof samplingpointson eachedge.

Therestof this paperis organizedasfollows: Section2
reviews previous work relatedto proximity graph cluster
analysis.Section3 presentshemainideasof ourapproach.
In Section4 we discussexperimentalresultsand conclude
the paperwith final remarksin Section5.

2. RELATED WORK

Recently Estvill-CastroandLee[6, 7] proposedoundary-
basecclusteringmethodsusingproximity graphmodelling.
Proximity and densityinformation modelling of 2D point
data using DelaunayDiagramsis a powerful exploratory
andargumenfreeclusteringalgorithmfor geographicatdlata
mining [6]. Themainideabehindthis approaclis to detect
thesharpdensitychangest potentialclusterboundariesin
their approachthe main principle is modelling proximity
andtopologyin termsof proximity graphs.

Typically, clusteringmethodsusea similarity concept
(e.g.,Euclideardistance}o measurg@roximity betweerdata
objects. Evenin high-dimensionsproximity is critical to
clusteranalysis.In proximity graphsyerticesrepresentlata
pointsandedgesconnecipairsof pointsto modelproximity
andadjacenyg. Despiteof thefactthatthe pointis the most
primitive dataobject,it is not easyto definepoint proximity
asa discreterelation. To bestdescribeproximity between
datapoints,a commonfamily of proximity graphswasin-

vestigatecandcomparedor differentmodellingconsidera-
tions[7]. Theseproximity graphsincludefor exampleDe-
launay Diagrams(DD), Minimum SpanningTrees(MST)
andk-NearestNeighbors(k-NN). By choosingappropriate
underlyingproximity graphsthe expectedtime compleity
is sub-quadrati¢or dataof all dimensions.

UsingSVMs, anotheboundary-basedusteringnethod
wasproposedn [1, 2] (we callit SVC). This approactem-
ploys supportvectorsto constructclusterboundaries. Its
principle is novelty detection [8] which is sometimesalso
called data domain description [9]. Domain description
producesa description of a given setof objects. This de-
scriptionshouldcovertheclassof givenobjects,andideally
rejectotherpossibleobjectsin the objectspace.Generally
novelty detectioncan characterizeestimatingfunctions of
the datathat tell somethinginterestingaboutthe underly-
ing distribution. Ratherthanfinding a real-valuedfunction
for estimatingthe densitydata,it modelsthe support of the
datadistribution througha binary function, suchthat most
of datawill livein theregionwherethefunctionis non-zero
(its support).Oneapproactio domaindescriptiorwhichis
inspiredby SVMs is constructinga hyperspheravith min-
imum volume (or minimum radius)containingall objects.
In the following we summarizehe main pointsof theclus-
teringapproactproposedn [1, 2]:

Kernel techniques

SVC is an unsupervisedearningtechniquethat is kernel-
ized. Assumegivenis a setof n datapoints{z;} C X,
with X C R¢, thedataspace To formulatea supportvector
descriptionof this dataset, a nonlinearmapping¢ is em-
ployedto mapX into somehigh dimensionafeaturespace.
Thenext stepis to find the smallestenclosinghypersphere:

llg(#3) — @l < R* + & (& > 0) Vi, ()

whereR is theradius,d is the centerand¢; aresomeslack
variablesallowing for softboundarie¢somedatapointscan
be allowed to lie outsidethe sphere). The problem(1) is
usuallysolvedin its dualby introducingtheLagrangiarand
aregularizationconstant in the penaltyterm,

L=R-3,(R*+& — ¢(33) — @lI*)ci
=2 &pi +C Y&
whereqa; > 0 andyu; > 0 areLagrangianmultipliers, and

C > & is apenaltyterm. Also the Karush-Kuhn-Tucker
conditionallows the problemto berewritten as

maxL = 3=, a;¢(%;)? — Zi,j aia;¢(T;)p(])
subjecto0 < o; <C, > a; =1,i=1,--- ,n.
Following the SVMs method we useakernel representation
k(Z;, &;) = ¢(Z;) - ¢(£;). EQ.(3) is now written as:
maxL = Zz a,-k(:ﬁ,-, .’Z"z) — Zz’,j aia]-k(fi,fj)
subjecto0 < o; < C, > a; =1,i=1,--- ,n.
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ThelLagrangiammultipliersa; canbe obtainedby opti-
mizing Eq. (4). Only thosepointswith non-zeroa; satisfy
Eq. (1) asequality Thesepointslie on the boundaryof the
sphereand are called Support Vectors (SVs). Pointswith
a; = C have hit theupperboundfor theradiusandlie out-
sidethe sphere. Thesepoints are called Bounded Support
\ectors (BSVs),andaretreatedasnoise.

Oneof the key featuresof kernelmethodsis that they
do not requirean explicit calculationof the featuremap ¢
but only usethevaluesof thedot productshetweermapped
patterns. For clusteringpurposeswe followed[1, 2] and
usedGaussiarkernelsk, (z;, ;) = e4I%—%ll* with width
parameteg = —1/(20?). Accordingto[9] polynomialker
nelsdo notyield tight boundaries.

Construction of cluster boundaries
Supportvectorscanbe usedto describethe hyperspherén
featurespace. For eachpoint Z, the distanceof its image
¢(Z) to thecenterof thehyperspherés givenby

R*(&) = k(&, %) — 2)_ k(&%) + > aick(Ti, 7).
i %,

The radius R of the spherecan be obtainedby calculat-
ing the distancesk; = {R(Z;) | Z; is asupportvector} of
the supportvectorsfrom the centerof the hyperspheréin a
practicalimplementatiorthe averageof thesedistancean
beused).

Clusterboundariescanbe constructedby a setof con-
toursthatenclosethe pointsin dataspace{# | R(Z) = R}.
Thus,SVslie on clusterboundariesBSVsareoutside,and
all otherpointslie insideclusters.

Clustering-labeling

The clusterdescriptionitself doesnot differentiatebetween
pointsthatbelongto differentclusters.To do this, anadja-
ceng matrix A;; is definedbasedngeometrimbsenation:
givena pair of datapointsthatbelongto differentclusters,
for ary pathin dataspaceconnectinghem,the correspond-
ing pathin featurespacemusthave anintersectiorwith the
outsideof the hypersphereFor eachpair of points#; and
Z;, A;; takesabinaryvalue.

A — 1,if R(f,-i-A(:E} —-Z;)) <R, VA€[0,1];
Y71 0, otherwise

Clustersare now definedasthe connecteccomponents
of the graphinducedby A. CalculatingA;; for pointsZ;
and Z; is implementedby samplinga numberof, say m
pointson the line sggmentbetweenthe two points (where
m is usually chosenbetweenl0 and20). Thetwo cluster
labelingstratgiesof Ben-Huretal. [1, 2] aredescribedn
ClusterLabelingStrategyy 1 and2 below.

Cluster Labeling Strateyy 2 is fasterthan Stratayy 1.
However, therearetwo issueswith Strateyy 2. First, when

Cluster Labeling Strategy 1 (CG)

Calculated;; for eachpairof pointsZ; andZ; in dataspace.
Thisresultsin usingthecompletegraph,denotediy CG, to
modeladjaceng 4;;. It takesO(n?m) time.

Cluster Labeling Strategy 2 (SVG)

CalculateA;; only for pairsof points#; andx;, wherez;
or &; is asupportvectot This resultsin asubgrapliof CG,
which is referredto asSVG. It takesO((n — npsy )n2,m)
time,whereny,, isthenumberof BSVsandn, isthenum-
berof free SVs.

ngy 1S greatethan0.05n — 0.1n, its time compleity is still
quadratic.Secondpointsin dataspacehatarecloseneigh-
borsaremorelik ely to belongto thesamecluster However,
checkingonly linkagesto supportvectorsdoesnot neces-
sarily take this into accountandcanproduceunlinked data
pointsof closeproximity. This canmalke clusteringresults
lessmeaningful.

In the next section,we will extendthe above two types
of boundary-basedlusteringmethodsandpresenbur ap-
proachto SVC throughproximity graphmodeling. In our
method,clusterboundariesare describedby a setof SVs,
andclusterlabelingis basedn proximity graphmodelling.
The time compleity of our methodis only O(mn logn).
Characteristicef severaldifferentproximity graphswill be
analyzedandcontrasted.

3. SUPPORT VECTOR CLUSTERING THROUGH
PROXIMITY GRAPH MODELLING

SVC throughproximity graphmodelling extendsthe clus-
teringmethodof [1, 2] with the conceptof proximity graph
modelling (cf. e.g., [6, 7]). Our methodconsistsof three
stepsthatwill now beexplainedin detail.

3.1. SVM-training for detecting cluster structure

Thenumberof SVsandBSVs affectsthe clusterstructure,
which thereforcan be controlledby the SVM training pa-
rameterg andC'. Asthewidth ¢ of theGaussiarkernelsin-

creasesthenumberof SVs(n,,) increasesthe shapeof the
clusterboundariedbecomesougher andthe contourstend
to split up (cf., the boundarie®f white regionsin Fig. 1(a)-
(d) below). Onthe otherhand,the numberof BSVs (ns,)

can be controlledby C, more preciselyby nys, < 1/C.

Thatis, if C' > 1, thereareno BSVs. To allow for BSVs,
oneshouldsetC' < 1. Insteadof usingC' it is more nat-
urally to work with the parametep = 1/nC, which rep-
resentsan upperboundfor the fraction of BSVs. The pa-
rameterq determineghe scaleat witch the datais probed,
andp decideghesoftnesof theboundary1]. Fig. 1 shovs



a 285-pointsdatasetandthe change®f clusterboundaries
in dependencéo differentsettingsof ¢ and p, which are
selectedxperimentallyasin [1].
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Figure 1. The clustersare representedy white regions.
Their boundarieandnumbervary with ¢ andp. Encircled
pointsaretheresultingSVsandBSVs.

3.2. Cluster labeling using proximity graphs

After SVM training,theradiusR of thehypersphereanbe
usedasacut-off criterionto checktheconnectvity between
datapoints. Undercertaincut-off conditions,somepoints
will becomenon-connectedTheclustersarethe connected
componenténducedby A4;;. Notethata connecteccompo-
nentcanalsobe identified by a spanningtree, which pro-
ducesamuchsmallernumberof edgeghanthe CG.Conse-
quently ClusterLabelingStrat@y 1 resultsin testingmary
redundanedges.The sparsegraphSVG in ClusterLabel-
ing Stratgy 2 doesnot decodeneighborhoodnformation
exactly, andsometimeyieldstrivial clusters.Thereforewe
proposea new clusterlabelingstrateyy belown to overcome
thedisadwantage®f ClusterLabelingStratgy 1 and2.

Cluster Labeling Strategy 3 (Proximity graphs)

We modelthe datawith anappropriatgoroximity graphthat
reflectsthe datadistribution andincorporategproximity and
topologyinformation. The ideais to calculatecoeficients
of the adjaceng matrix A;; only for pairsof Z; and Z;,
where#; andz; arelinked by anedgeFE;; in a proximity
graph.Actually, theadjaceng matrix A;; is notheldexplic-
itly in thememaory but encodedn the proximity graph.The
problemis to find theconnectedomponentin thegraphby
exploring the edgesinducedby A4;;. We performthe same
samplingstratgy for computationof 4;; asin [1, 2]. All
edgesin the currentproximity graphare called candidate
edges. We referto anedgeF;; asactive edgeif A;; = 1,
andaspassive edgeif 4;; = 0. An active path in the prox-
imity graphwill be formedif every edgein the pathis an
active edge.A connectedcomponents equivalentto anac-
tive path.

In a proximity graph,pointsare connectedyy edgesif

they are closeto eachotheraccordingto someproximity

measure.Nearby pointsarenaturallymorelikely to bein

the sameclusterthanpointsthatarefar away. Thus,cluster
labelingwith a proximity graphstrateyy is a goodheuristic
to reducethetime of testinglinkages.We will discusshree
typesof proximity graphsfor clusterassignmentTheseare
DelaunayDiagram(DD), Minimum Spanninglree(MST),

andk-NearesiNeighborgk-NN) [6, 7]. They canbederived
by consideringdifferentaspect®f proximity andtopology

DD represents “is-neighbor”relation. The MST is based
on the local closenes®of datapoints. It is a subgraphof

DD, andencodesessproximity information.k-NN is based
on distanceconcepts. Fig. 2 shaws the constructionof a
varietyof proximity graphdor clusterassignmentWe used
the Ledal and ANN? librariesto constructtheseproximity

graphs.

(a) data points

(b) CG
= N NN AN
QY
) - >\/f
(d) DD (e) MST () 4-NN

Figure 2: Variousproximity modellinggraphs.In (c), en-
circledpointsareSVsandthewhiteregionis the pre-image
of thehyperspherén featurespace.

3.3. Cluster harvest

Withoutgoinginto themathematicatletails the clusterhar
vestproceduras justified by the empiricalobsenationthat
clusterscorrespondo connectedcomponent®f edgesij.e.
active paths.Passve edgesarenot of interestandthey will
beremovedfrom the proximity graph.After theremoval of
passve edgesthetaskof clusterharnestbecomesecogniz-
ing all active pathsformed. Onceactive edgeshave been
determined,a classicalalgorithm like Depth-First-Search
(DFS) can be usedfor collecting connectedcomponents.
NotethatDFShascompleity proportionako thenumberof
edgesin the proximity graph. Pseudacodefor clusterhar
vestis shavnin Algorithm 4. To avoid trivial clusterssome
clean-upwork is necessaryWe treata clusterwith a small
numberof pointsundera threshold(say 3) asnoise.BSVs

Ihttp://wwwmpi-shmpg.de/LEDRV
2http://wwwcs.sugshedu/ algoritimplementANN/implementshtml



areincludedin the closestclusteras suggestedn [1, 2].
Fig. 3 demonstratethewholeprocedureof SVM clustering
for the caseof DD modelling.

Algorithm 4 (ClusterHarvest)
functioncluster Harvest(G:Graph;S:Sets)
{inputG: Subgraptafterclusterlabeling}
{outputS: Setof clusterg
var
v: Node;
C': Set;{A setof pointsin onecluste
begin
while (v := G.choose Node())
C.clear();
DFS(G,v,C); {vis movedfrom G to C'}
S.add(C);
endwhile
end

Figure 3: Procedureof SVC using DD modelling. (a) A
setof points. (b) DD modelling. (c) SVM training result.
(d) Active pathsafterlabeling. (e) Final resultafter cluster
hanest.

4. PERFORMANCE EVALUATION

In thissectionwe presentesultsof experimentavhichcom-
pare and evaluatethe performanceof different clusterla-

belling methods. We demonstrateempirically the robust-
nessandefficiency of our approactof clusterlabelingwith

proximity graphs. The LibSVM? library hasbeenusedin

the performancevaluation.

4.1. Timecomplexity

Givenis adatasetof n points{z;} C &, with X C ¢, the
dataspace Thenumberof edgesn DD islinearin sizen for
2D (3n-6 atmost),but it is quadraticin sizefor 3D. Other
proximity graphsarelinearin sizefor all dimensions.The
numberof edgesn MST isn — 1. For k-NN, O(kn) is the
upperbound.Thus,walkingonedgedor clusterassignment
andclusterhanesttakesO(n) time. Ontheotherhand,the

Shttp://wwwcsie.ntu.edu.tw/cjlitibsvm/

field of computationabeometryhasdevelopedO(n logn)
time algorithmsto constructDD, MST andk-NN in spaces
of variousdimensionsThereforeall proximity graphspre-
sentedherecanperform2D clusterlabelingandharestin
O(nlogn) time. This is remarkablyefficient comparedo
the quadratictime requirementof CG and of SVG. The
experimentalresultsdisplayedin Fig. 4 illustrate that our
approachoutperformsCG and SVG clusterlabeling. We
first generatech datasetwith 1,000pointsbasedon a mix-
turemodel. Fromthis dataset,we sampledive subsetsvith
100, 200, 400, 600 and 800 points, respectrely. Thenwe
performedSVC on thesesubsetausing variousclusterla-
belingmechanismsAfter empiricaltestwith differentval-
ues,we setparameterg = 0.20 andp = 0.10 to train the
SVMs. Theresultsshovn in Fig. 4 includethe overalltime
requirementgor proximity graphconstruction cut-off cri-
terioncomputationglusterlabelingandharest.

Whenwe moveto high-dimensionaflatasets k-NN and
MST graphsaremoreattractive, sincethe numberof edges
of thesegraphsremainslinearin n. This makesproximity
graphmodellingscalableto high-dimensionatlatafor sup-
portvectorclusteranalysis.
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Figure 4: CPU time comparisonof variousclusterlabel-
ing mechanisms.Slowestis the resultusing CG which is
quadratidn the numberof pointsn andfastesis theresult
usingMST whichis n logn.

4.2. Clustering quality

Whenapplyingdifferentproximity graphso modeldatafor
supportvector clustering,they may producedifferentre-
sults. We take theresultof CG asreferenceagainstwhich
we compareheotherclusterlabelingmethods Our experi-
mentsshowv, DD worksasgoodasCG. Thisis becauseasa
goodspannerDD holdssufficientinterconnectionsin con-
trast,asa subgraphof DD, MST encodesnuchlessprox-
imity information. Someinkagesbetweemeighborsn DD
have beenlostin MST. Despiteits speed MST is afragile
clusteringmethod. Interestingly k-NN with appropriatek



alsoreportsgoodresults. The experimentsndicatethatk-
NN (with k£ > 3) capturessatisfctory proximity informa-
tion for clusterlabeling.Heretheargumentt doesnotneed
to be tunedas carefully asin [7], becausehe purposeof
proximity graphmodellingin our studyis only for cluster
labeling,but notfor thecomputatiorof the cut-off criterion.
As mentionedefore,SVG is aheuristicto produceasparse
graphto simplify clusterlabeling. However, it sometimes
can producefalsenegativesand make the clusteringresult
lessmeaningful.This situationcanoccurwhenthe parame-
terpis high. In thiscasemostSVsturnoutto beBSVsand
thereareonly a few free SVsleft. The datapointslacking
of supportinformation (i.e. they cannot connectto SVs),
becomdalsenegatives.Fig. 5 illustratesclusterlabelingre-
sultsfrom differentlabelingmethodgor adatasetshavn in
Fig. 5(a). Fig. 5(b) is theresultof CG. Fig. 5(c) shows that
SVG stratgyy producesfalse negatives. In contrast,with
consideratiorof neighborhoodelationship,the proximity
graphmodelingapproachesasshownn in Fig. 5(d, e, ), do
notyield falsenegatives.
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Figure5: Comparisorof clusteringresultsusing different
labeling methodswith parameterp = 0.5, ¢ = 2.75 for
SVM training. Note that, for betterrecognition,the two
cloudsof BSVshave beenhighlightedby additionalbound-
ary lines. Thecloudin the upperright cornerhasapproxi-
matelythe shapeof anannulus.

5. CONCLUSION

We extendecdthe supportvectorclusteringmethod,andap-
plied proximity graphmodellingto theclusterlabelingpart.
Our experimentsdemonstratedhat the approachrobustly
andefficiently performsclusterassignmentandmakessup-
portvectorclusteringscalableo large datasets.
Theimpactof ourimprovementrom quadratidon logn
timeis alsoreflectedf we attemptparallelimplementation.
For example,suchparallelimplementatiorof our approach
would be logarithmicin n processorswhile the previous
approachesvould only belinearonn processors.
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